Abstract. In this article we give an overview on some recent development of Littlewood-Paley theory for Schrödinger operators. We extend the LittlewoodPaley theory for special potentials considered in the authors' previous work. We elaborate our approach by considering potential in C ∞ 0 or Schwartz class in one dimension. In particular the low energy estimates are treated by establishing some new and refined asymptotics for the eigenfunctions and their Fourier transforms. We give maximal function characterization of the Besov spaces and Triebel-Lizorkin spaces associated with H. We then prove a spectral multiplier theorem on these spaces and derive Strichartz estimates for the wave equation with a potential. We also consider similar problem for the unbounded potentials in the Hermite and Laguerre cases, whose V = a|x| 2 + b|x| −2 are known to be critical in the study of perturbation of nonlinear dispersive equations. This improves upon the previous results when we apply the upper Gaussian bound for the heat kernel and its gradient.
Introduction
The purpose of this article is to review recent development of harmonic analysis for differential operators, in purticular a Schrödinger operator H = −∆ + V , where V is a real-valued potential function on R n . We are interested in developing the Littlewood-Paley theory for H in order to understand the associated function spaces and their roles in dispersive partial differential equations.
This subject has been drawing increasing attention in the area of harmonic analysis and PDE [29, 15, 13, 9, 17, 19, 21, 22, 26, 4, 33, 36, 23, 5] , to name only a few. The function space theory for H was introduced in [19, 21, 15] for the Hermite and Laguerre operators. In [4, 33] the authors considered Littlewood-Paley theory for H with special potentials in an effort to extend the function space theory to the bounded potential case. In this paper we will summerize and develop the fundamental theory for general Schrödinger operators on R n . Furthermore we obtain a Littlewood-Paley decomposition for L p spaces as well as Sobolev spaces using dyadic functions of H. We elaborate our approach by considering one dimensional H with V in S(R), the Schwartz class. We will give outlines of the proofs for some of the main results and refer to the references, either old or new, for the detailed proofs. where H = λdE λ is the spectral resolution of H.
Let {ϕ j } ∞ −∞ ⊂ C ∞ 0 (R) be a dyadic system satisfying (i) supp ϕ j ⊂ {x : 2 j−2 ≤ |x| ≤ 2 j },
∞ j=−∞ |ϕ j (x)| ≈ 1, ∀x = 0 .
Let α ∈ R, 0 < p ≤ ∞, 0 < q ≤ ∞ and {ϕ j } j∈Z be as above. The homogeneous Besov space associated with H, denoted byḂ α,q p (H), is defined to be the completion of S(R n ) with respect to the quasi-norm
Similarly, the homogeneous Triebel-Lizorkin space associated with H, denoted byḞ α,q p (H), α ∈ R, 0 < p < ∞, 0 < q ≤ ∞ is defined by the quasi-norm
We are mainly concerned with the following three interrelated problems. c. Strichartz estimates for e
−it √
H and e −itH which measure the spacetime regularity of solutions to wave and Schrödinger equations.
The decay estimate in (1.2) has been known to be fundamental and useful in function space theory and spectral multiplier problem [19, 15, 4, 33, 34] . We will see that it can be applied to characterize B(H) and F (H) spaces with full ragne of parameters 0 < p, q < ∞ and show Mihlin-Hörmander type multiplier result on L p , B(H) and F (H) spaces; for the multiplier problem we actually formulate a more general condition as in (1.5).
Let φ(H)(x, y) denote the integral kernel of φ(H).
Assume that for ℓ = 0, 1 and for every N ∈ N 0 there exists a constant c N > 0 such that for all
(1 + 2 j/2 |x − y|) N .
We will outline the proof of the fact in Section 4 that on the real line H satisfies Assumption 1.2 for V ∈ C ∞ 0 (R). We discover that V being compactly supported and H having no resonance at zero are necessarily and sufficient for the gradient estimate (ℓ = 1) in (1.2) to hold in low energy −∞ < j < 0. The kernel decay for ℓ = 0, j = 0 was an open question in [38, B.7] .
1
Define the Peetre type maximal function for H as: for j ∈ Z, s > 0
The following theorem gives a maximal function characterization of the homogeneous spaces. Theorem 1.3. Suppose H satisfies Assumption 1.2 and {ϕ j } is a system satisfying (i)-(iii). The following statements hold. a) If 0 < p ≤ ∞, 0 < q ≤ ∞, α ∈ R and s > n/p, then
It is well-known that such a characterization implies that any two dyadic systems satisfying (i)-(iii) give rise to equivalent norms onḂ 
The proofs of Theorem 1.3 and Corollary 1.4 are quite standard and can be found in [55, 33] ; see also [19, 15] .
Using Calderón-Zygmund decomposition and Assumption 1.2 we can show that
p (H) if 1 < p < ∞ and obtain the Littlewood-Paley inequality for L p spaces. If in addition V ∈ S, we can using lifting property of H to characterize the Sobolev spaces
p (H), the inhomogeneous versions ofḞ α,2 p (H), with equivalent norms [55, 33] .
where {Φ, ϕ j } ∞ j=1 is an inhomogeneous system satisfying (i), (ii) and (iii ′ ) below.
1 For the sake of exposition we are not trying to pursue how singular V ∈ L 1 (R) can be. Indeed, for each N the proof of Theorem 4.1 shows that (1.2) holds for j ≥ 0 if |V (s) (t)| t −N−2−ǫ , 0 ≤ s ≤ N and that (1.2) holds for j < 0 if V ∈ L 1 with compact support and H has no resonance at zero. 
However, the homogeneous space, which contains both high and low energy analysis of H, are essential and more useful in proving Strichartz inequality for wave equations; see e.g., [36, 30] and Section 2. 
if µ satisfies certain smoothness condition; see e.g. [28, 41] . However, for a general elliptic operator (1.3) is not available. For the Schrödinger operator H with V ≥ 0, Hebisch [26] used heat kernel estimates (h.k.e) to prove a spectral multiplier theorem on L p . Later on the heat kernel approach has been further developed to deal with positive selfadjoint differential operators [13] .
The question remains if the negative part of V is nonzero, in which case the upper Gaussian bound for e −tH may not be valid. In [56] we are able to treat general V by replacing the h.k.e. with a (much) weaker condition for the pointwise decay of a spectral kernel, namely (1.5).
As in [56] the following hypothesis on H is the main ingredients in proving spectral multiplier theorem. Let φ j (x) = φ(2 −j x).
There exists a finite measure ζ such that for all j ∈ Z (1.5)
).
Here X s * = {f ∈ X s (R * ) : f X s * =: sup t>0 f (t·)η X s < ∞}, where η is a fixed function in C ∞ 0 with support away from 0, R * = R \ {0} and X s is either W s 2 (R) or C s (R), the Hölder class [49, 16] . In one dimension Assumption 1.6 is satisfied for
and H has no resonance at zero, where
Again we are not trying to seek optimal condition on V ; one can show that if
Kato class with small Kato norm, namly V ± K < 2π and H has no resonance at zero [57, 9] .
Under Assumption 1.6 for H and the condition µ ∈ X s * for some s > n/2, the boundedness of µ(H) onḂ α,q p (H), 1 < p < ∞ is an immediate consequence of the L p result in [56] . To prove that µ(H) is bounded onḞ α,q p (H) we use an L p (ℓ q ) vector-valued version of the proof of the L p result by applying Calderón-Zygmund decomposition and the dyadic estimates (1.4) and (1.5).
It is easy to observe that X = C s corresponds to the usual Mihlin condition and X = W s 2 the Hörmander condition. That the the exponent n 2 is sharp has been noted in e.g., [41, 13] . Note that under the conditions in Assumption 1.6, which is an alternative condition than Assumption 1.2, Theorem 1.7 implies
given any two system {φ j } j∈Z , {ψ j } j∈Z , which is also a corollary of Theorem 1.3 as we have mentioned. Moreover, by interpolation and duality we obtain from the proof of Theorem 1.7 thatḞ
(see [33] for the inhomogeneous case), which is part a) of Theorem 1.5 while under somehow more general conditions in Assumption 1.6.
Remark on Assumption 1.6 Assumption 1.6 is intrinsic in the sense that it only relies on the property of H and is independent of the multiplier µ. As can be seen from the proofs in [56, 34] , Inequalities (1.4) and (1.5) are to control higher and lower energy estimates of µ(H) respectively. If in (1.4) letting ζ = δ, the Dirac measure, then we obtain the following pointwise decay
which is only valid, in general, for nonnegative potentials. This is the reason why we call (b) a "weighted" pointwise estimate. The remaining of the paper is organized as follows. In Section 2, we apply the interpolation properties of B(H), F (H) to obtain Strichartz estimates for e
−it √
H . In Section 3 we provide the outlines of the proofs of Theorem 1.3 and Theorem 1.5 under Assumption 1.2. In Section 4 we show that for any V in S(R), Assumption 1.2 is verified for high energy and for any V in C ∞ 0 (R), the low energy estimates holds in the absence of resonance. The proofs are based on certain new and refined estimates for the modified Jost functions and its Fourier transforms whose details are quite lengthy and will appear elsewhere. For unbounded potentials we consider in Section 5 the analogue of Theorem 1.3 for Hermite and Laguerre operators, where V = a|x| 2 + b|x| −2 , by using gradient estimates for e −tH . Further, we would like to mention that the literature in the area suggests that it is possible to consider analogous problems for H with (degenerate) magnetic potentials, cf. [48, 44, 57 ]
by following a similar approach developed here.
Strichartz estimates for H
It is well known that Strichartz estimates have useful applications in wellposedness problem for nonlinear dispersive equations [30, 42, 37] . Consider the following perturbed wave equation with a potential on R 1+n (2.1)
whose solution is given by
When n ≥ 2, the original Strichartz estimate for (2.1) with V = 0 reads [43] 
p (H). Assumption 2.1. Assume that u(t, x), the solution to (2.1) with u 0 = 0, u 1 = f and F = 0, satisfies for all t = 0
Dispersive estimates in (2.3) were obtained, for instance, in [3, 7] for V being smooth and in [9] for V in the Kato class.
The idea to treat (2.1) is to combine the arguments in [30] and [25] for a free wave equation. The Littlewood-Paley decomposition seems efficient in dealing with this type of estimates although we do not have available the scaling invariance for H or ϕ j (H), as is important and crucial in the classical case.
For this purpose we will need some interpolation, duality and embedding properties forḂ α,q p ( √ H), which are analogues ofḂ α,q p (R n ) and can be derived as corollaries of Theorem 1.7 [33, 49] . Directly using the classical Besov spaces would encounter commuting problem.
From the expression of u(t, x) we see that it is essential to estimate e ±it √ H f . Note that (2.3) is equivalent to
where u j (·) = ϕ j ( √ H)u(t, ·). Using (2.4) and T T * argument in [25, 30] we obtained in [57] the following theorem. Theorem 2.2. Let n ≥ 2, q, r ∈ [2, ∞] and s ∈ R. Suppose H satisfies the estimate in (2.3). Then the following estimates hold. a)
, where q = 2 and σ = σ(q, r) verifies the gap condition
, where q ′ , r ′ denote the usual Hölder conjugate exponents of q, r, (q, r) = (2,
Problem: Does the endpoint estimate in Theorem 2.2 hold with (q, r) = (2,
The endpoint estimates involving L q t L r x -norm were proved in [30] in dimensions ≥ 4 (In dimensions 2 and 3 the endpoint estimates fail). We do not know the answer to the question in the problem for L qḂs,2 r . Such a result would not only be sharper but technically might involve bilinear estimates that provide insight and deeper understanding of the non-scaling-invariant case when V = 0. We can also formulate similar result and problem for the Schrödinger equation with a potential; here we would rather refer to [23, 37, 33, 57] for further discussions.
3. Outline of Proofs 3.1. Proof of Theorem 1.3. As in [33, 19] 
Similar to [33, 49] Lemma 3.1 can be easily proved using (1.2) with N > n + s. Let M denote the Hardy-Littlewood maximal function
where the supreme is taken over all balls B in R n centered at x.
Lemma 3.2. Let 0 < r < ∞ and s = n/r. Then for all j ∈ Z
Thus we have seen that the proof of Theorem 1.3 relies on the decay estimates in Assumption 1.2. In Section 4 and Section 5 we will prove such estimates for H = −∆ + V with V ∈ S on R, and V = |x| 2 and V = |x| 2 + b|x| −2 , b ≥ 0 on R n , where for the latter, the Laguerre operator, initially defined on R n + , can be regarded as an operator acting on L 2 (R n ) for "even" functions. 
2 For p = 1, Dziubański and Zienkiewicz recently obtained a characterization of Hardy space associated with H using the heat operator.
where
} and the weight w is defined by w(x) = lim t→∞ R n e −tH (x, y)dy. The norm in the atomic decomposition is defined as
where the infimum runs over all representations f = j λ j a j , a j being H 
Also, in the 1D case and unbounded potential case (e.g. V being a (nonnegative) polynomial), the p-atoms (p = 1) for H 1 V (V = 0) are not variant of the local atoms, cf. [17, 18] .
where H ac is the absolute continuous subspace and H pp the pure point subspace of L 2 (R). Let E ac , E pp be the corresponding orthogonal projections. If σ ac (H) denotes the absolute continuous spectrum and σ pp (H) the pure point spectrum of H, then σ ac (H) = [0, ∞) and σ pp (H) = {−λ 
is the kernel of φ(H ac ), H ac = HE ac and K pp (x, y) = k φ(−λ 2 k )e k (x)e k (y) is the kernel of φ(H)E pp . Let u 1 , u 2 be two linear independent solutions of (4.3). H is said to have resonance at zero provided that the Wronskian of u 1 , u 2 vanishes at zero. 
and H has no resonance at zero, then (4.2) holds for each ℓ = 0, 1, N ≥ 0 and all −∞ < j < 0 .
Denote by K j the kernel of φ j (H) and write K j = K j,ac + K j,pp . Since σ pp is finite and according to e.g. Let
x > y f+(y,±λ)f−(x,±λ) W (±λ)
x < y where f ± (x, z) are the Jost functions that solve for ℑz ≥ 0
and satisfy
where t(z), r ± (z) are called the transmission and reflection coefficients [12] . Let m ± (x, z) = e ∓izx f ± (x, z) be the modified Jost function. We obtain, from the resolvent formula of the spectral measure of
where t(λ) = −2iλ/W (λ); see e.g. [23] . One can prove that the above formula and (4.1) coincide. As a result the restriction x > y can be dropped.
To analyze the kernel we need to study the analytic asymptotics of m ± (x, k), namely the higher order mixed differentiability on m ± concerning the smoothness and decay in x and k, the space and spectral parameters. The asymptotics of m ± and their derivatives of first order were originally studied in [12] . However our estimates and certain formulas, including those of t(k) and the Fourier transforms of m ± , are more refined and delicate.
Derivatives of m(x, k).
Lemma 4.2. Let V ∈ S and ℓ, n ≥ 0. Then m ∈ C ∞ (R × R) and for all x, k ∈ R
The proof of the lemma are based on the integral equation [12] 
where h(t − x, k) = t−x 0 e 2iku du, and the equation for its mixed partial derivatives:
where m
The first estimate in the lemma is also a consequence of Lemma 4.5 concerning the weighted L 1 bound for B ± (x, y), the Fourier transforms of m ± − 1, which are especially needed for low energy estimates. The Marchenco functions B ± (x, y) are related to m ± via
2iky dy .
4.3.
Analycity and asymptotics of t(k) and r ± (k). The kernel of φ(H ac ) given by (4.4) also requires estimates of the coefficients t(k) and r ± (k).
For the proof of high energy |k| ≥ 1, we use [12, p.145] 
For low energy to show t ∈ C ∞ the formulas we use are more delicate. 
Based on Lemma 4.4 we give the proof of the statement t ∈ C ∞ as in Lemma 4.3. The statement r ∈ C ∞ follows from the fact that t ∈ C ∞ and (4.9). We divide the discussions into two cases. Case (a) ν = 0. From the formula in Lemma 4.4 (a) it is easy to see that
which is the Fourier transform of the function
Observe that in view of Lemma 4.5 this function is in
is C s . We conclude that
, since it is a basic fact that ν = 0 ⇐⇒ |t(k)| ≥ c 0 > 0, ∀k; cf. e.g., [12, Theorem 1] . 
The proof exploits careful iterations of the Marchenko equations
where we note that B ± (x, ·) are supported in R ± . Remark. Let V ∈ S. If −∞ < j < 0, then (4.2) still holds for φ j (H)(x, y) with ℓ = 0. However, if H has resonance at zero or V is not compactly supported, then (4.2) fails for ∂ x φ j (H)(x, y) in the low energy as we mentioned above. A counterexample can be found in [33] for V = −ν(ν + 1)sech 2 x. For non-smooth potentials, in [4] we are able to obtain an appropriate variant of the kernel decay (4.2) with j ∈ Z, ℓ = 0, 1 for V = cχ [a,b] (x), c > 0, χ E being a characteristic function of the set E.
Remark
Problem For non-smooth potentials, it is still open as to determine the class of V for which (4.2) remains valid especially in the low energy case.
H satisfying upper Gaussian bound
In this section we prove the analogy of Theorem 1.3 for H with unbounded potentials, namely, the Hermite and Laguerre operators. We see that using the upper Gaussian bound for ∇p t of H we can prove the decay in (1.2) in a simple way, which generalize the results of [19, 21] and [15] . Previously Epperson studied the Hermite and Laguerre cases in one dimension using oscillatory integral method; later Dziubanski used Heisenberg group technique to prove the kernel decay for the Hermite expansion in n-dimension and the Laguerre expansion of integral order in 1D. [55] showed that Assumption 1.2 is verified when H satisfies the upper Gaussian bound (5.1) for its heat kernel. The proof is based on a weighted L 1 inequality which is a scaling version of [26, Lemma 8] .
Proposition 5.1. Let ℓ = 0, 1. Suppose V ≥ 0 and H satisfies the upper Gaussian bound
If {ϕ j } j∈Z is a dyadic system satisfying (i), (ii), then for each N ≥ 0
Remark. The long time gradient estimates for ∇p t (t > 1 corresponding to low energy) is, in general, not valid for bounded V , not even for positive V ∈ S(R n ). For k ∈ N 0 , let h k be the k th Hermite function with h k L 2 (R) = 1 such that
. By Mehler's formula [46, Ch.4] , the heat kernel has the expression e −tH (x, y) =
for all t > 0, x, y ∈ R n . One can easily calculated (cf. [55] ) that for ℓ = 0, 1 there exist constants c ′ > 0, 0 < c < 1 such that
where p t (x, y) := e −tH (x, y). Hence (5.1) holds.
Laguerre operator H
The Laguerre is basically a generalization of the Hermite. We will show that the heat kernel estimates (5.1) are valid for L α with α ≥ 1/2.
For k ∈ N 0 define the Laguerre function
where L α k (x) are the Laguerre polynomials. Then
; see e.g. [46] .
Then the heat kernel of L α satisfies for ℓ = 0, 1 there exists constants c ′ > 0, 0 < c < 1 such that with n = 1
Proof. Using the following Mehler type formula: if 0 < r < 1,
(see e.g. (11) of [21] ), we can obtain the heat kernel formula for
. It can be defined as the Friedrich's extension of the form
Therefore applying the 1D result we easily obtain the estimates in (5.2) for L α provided α j ≥ 1/2, j = 1, . . . , n. 5.4. Schrödinger operator and associated heat kernel. Proposition 5.1 shows that the upper Gaussian bound estimates of e −tH (x, y) imply the decay estimates (1.2) in Assumption 1.2. However for bounded V = 0 the gradient estimates for ∇ x p t are not valid in general, this is one reason we work in a more direct way to deal with the decay of ∇ x ϕ j (H)(x, y) for all j ∈ Z as illustrated in the one dimensional case. The heat kernel approach seems to work more efficiently for unbounded potentials. For bounded potentials, when the Gaussian bounds are not available, we can consider, for instance, the radial case in three dimensions using Volterra type equation for the eigenfunction of H, or the non-radial case using stationary phase method [36, 7, 9 , 57].
Conclusion
The Littlewood-Paley theory ofḂ [49, 50, 22] . It may involve semigroup method, Riesz transform as well as singular integrals for certain class of rough potentials.
b. Applying the Littlewood-Paley decomposition to establish dispersion and Strichartz estimates for the perturbed wave, Klein-Gordon and Schrödinger equations with potentials. Although there has been quite extensive work in this area, cf. [3, 6, 7, 37, 52, 53] , regularities of these estimates involving the associated function spaces have not received comparable attention. We hope the development of the Littlewood-Paley theory in our continuing investigation could give a systematic treatment of the regularity problems, which are related to one of the open problems concerning Strichartz type estimates for wave equations with potentials in the presence of resonance or eigenvalue at zero energy, cf. [31, 36, 34] .
c. For the Laplacian-Beltrami operator −∆ g on a (complete) Riemannian manifold (M, g), in many cases the generic heat kernel estimates are valid [10, 11, 24] . However for a Schrödinger operator H V = −∆ g +V on M , the heat kernel estimates is in general not valid, this makes it unique and more difficult especially for the high and low energy analysis of H V . The treatment here might throw a light on considering the analogous problems in a, b on M ; in particular we are interested in obtaining the analogous results for H V on Riemannian symmetric spaces. We refer to [1, 32, 39, 40, 45, 2, 35] for some of the recent development in this direction.
